The possibility that Schr odinger's equation with a given potential can separate in more than one coordinate system is intimately connected with the notion of superintegrability. Here we demonstrate how to establish a complete list of such potentials on the complex 2-sphere, using essentially algebraic means. Our approach is to classify all nondegenerate potentials that admit a pair of second order constants of the motion. Here \nondegenerate means that the potentials depend on four independent parameters. The method of proof generalizes to other spaces and dimensions. We show for the 2-sphere 1 that all these superintegrable systems correspond to quadratic algebras, and we work out the detailed structure relations and their quantum analogs.
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Introduction
It has long been known that Schr odinger's equation with certain special potentials can admit (multiplicative) separation of variables in more than one coordinate system. This is intimately related to the notion of superintegrability, 1, 2] . This subject has been studied by a number of authors, based on the use of the corresponding di erential equations that that are implied by the requirement of simultaneous separability, 3, 4, 5, 6, 7, 8, 9, 10, 11] . Speci cally, superintegrability means that for a Schr odinger equation in dimension N there exist 2N ?1 functionally independent quantum mechanical observables (i.e., self-adjoint operators that commute with the Hamiltonian). There is an analogous concept of superintegrability for classical mechanical systems that relates to the corresponding additive separation of variables of the Hamilton-Jacobi equation. Also, if we do have simultaneous separability then the resulting constants of the motion close quadratically under repeated application of the Poisson bracket, 12, 13] . We also know that for spaces of constant curvature separable coordinate systems of the free motion are described by quadratic elements of the corresponding rst order symmetries, 14] . Although concrete examples of superintegrable systems on constant curvature spaces are easily at hand, a complete classi cation of all such systems has presented major di culties. How can one be sure that all systems for free motion have been found? Once these are determined, how can one be sure that the most general additive potential term has been calculated?
In 15] we have solved the classi cation problem for all systems on two dimensional complex Euclidean space. Here we solve the problem for the more di cult case of the two dimensional complex sphere, including real spheres and hyperboloids as special cases. Our method is to classify all nondegenerate potentials that admit a pair of second order constants of the motion. Here \nondegenerate" means that the potentials depend on four independent parameters. The requirement that a potential admit two constants of the motion leads to two second order partial di erential equations obeyed by the potential, and the integrability conditions for these two simultaneous equations permit us to classify all possibilities. (We believe that this paper contains the rst complete list of the possibilities, as well as a completeness proof. This is not a simple problem. For example reference 16] omits several of our cases.) The classi cation is greatly simpli ed by the equivalence of two potentials that are related by an action of the motion group SO(3; C). We can prove that each nondegenerate potential is associated with a pair of constants of the motion in the classical case, and a pair of symmetry operators in the quantum case, that generate a quadratic algebra. Furthermore, we verify that there is a one-to-one correspondence between superintegrable systems and free-eld symmetry operators that generate quadratic algebras. Finally, we demonstrate explicitly that superintegrability implies multiseparability, i.e., separability in more than one coordinate system.
Superintegrability on the complex sphere
We follow the approach of 15] and start by computing the possible secondorder constants of the motion for a Hamilton-Jacobi equation, with potential, on the complex sphere. (Inevitably, the only potentials that are candidates for superintegrability are those which are separable in more than one coordinate system on the two dimensional complex sphere S 2C .) Here one considers (11) xV xz + yV zy + zV zz = ?3V z :
Note that here the \trival" solution for all of these equations is V = c=r 2 . One way to attack the problem of nding all superintegrable potentials on the sphere is to classify all potentials V that admit two functionally independent constants of the motion and is \nondegenerate" in the sense that it depends on four arbitray constants, one of which can be considered to be the trivial constant c. The potential must satisfy 2 sets of equations of the form (10) and the conditions (11) . These 9 equations, not all independent, enable us to solve for the second derivatives V xx ; V yy ; V zz ; V xz ; V yz as linear combinations of the derivatives V xy ; V x ; V y ; V z . Then all higher derivatives can be expressed in term of those 4, and integrability conditions obeyed by the higher derivatives imply linear relations between the 4 derivatives. Nondegeneracy of the potential means that at a nonsingular point (x 0 ; y 0 ; z 0 ) on the sphere we can prescribe the values of V xy ; V x ; V y ; V z arbitrarily. Thus the coe cients of all linear relations between these derivatives must vanish identically for nondegenerate potentials. Similarly, the linear relations between the terms in V xx ; V yy ; V zz ; V xz ; V yz on the left-hand sides of the original 9 equations imply the same linear relations between V xy ; V x ; V y ; V z , and these must also vanish identically. This approach to superintegrability on the sphere will prove useful in a forthcoming paper, where we study superintegrability in 3-space. However, we will adopt a simpler method for the remainder of this paper.
A second way to carry out the analysis (and the one that we shall follow) is directly in terms of coordinates x; y; z on the 2-sphere where x 2 +y 2 +z 2 = 1.
We shall take x; y as independent variables and set z = p 1 ? x 2 ? y 2 with the sign depending on wether we are on the upper or lower hemisphere of S 2C . In some formulae we will adopt the convention (x; y; z) = (y 1 ; y 2 ; y 3 ).
In these coordinates the generators of the complex rotation group are The potential must lie in the intersection of the solution spaces (21, 
Di erentiating each of equations (23) We require that our potential be nondegenerate, i.e., that it depend on 3 arbitrary parameters. Then, the 3 conditions @ y V xxx = @ x V xxy ; @ y V xxy = @ x V xyy and @ y V xyy = @ x V yyy for the fourth partial derivatives lead to 9 integrability conditions, since we can equate the coe cients of V x ; V y , and V xy in each of these identities. (Otherwise V would necessarily depend on less than 3 arbitrary parameters.)
Note that if we have another constant of the motion L 3 associated with a nondegenerate potential, then L 3 must be a linear combination of H 0 = J (10) that is linearly independent of the equations associated with L 1 ; L 2 . This means an additional constraint on the solution space and that V can depend on at most two parameters, which is a contradiction.
The integrability conditions are only guaranteed to be necessary conditions for the existence of a 3 parameter potential. However, we shall nd that they are in fact su cient. Each of the 9 conditions can be expressed as a polynomial identity in the variables x; y whose coe cients are homogenious polynomials in the coe cients H ij . Since these relations must hold identically in x; y we can equate to zero each of the components in the polynomial expansion. The resulting expressions are lengthy; we used the symbol manipulation program MAPLE to compute them. Even then they would have been very cumbersome to solve if we had not been able to simplify the computation further by taking advantage of SO(3; C) equivalence.
We will now use the 9 conditions to classify the possible potentials V and the corresponding constants of the motion L 1 ; L 2 . For this we note that it is only the three-dimensional subspace spanned by H; L 1 ; L 2 that matters; we can choose any basis for this subspace. Hence we can replace the conditions (21, 22) by linear combinations of themselves without changing the potential. Moreover, to further simplify the results we note that we can always subject the coordinates (x; y), and L 1 ; L 2 to a simultaneous complex rotation motion, i.e., we regard all translated and rotated potentials as members of the same equivalence class.
We will consider two superintegrable systems on the complex sphere as the same if one system can be transformed to the other via an action of the complex orthogonal group SO(3; C). One can identify the adjoint action of SO(3; C) on the second order elements in the enveloping algebra of so(3; C) with the action via similarity transformation of this group on the space of 3 3 complex symmetric matrices. A straight-forward computation shows that this actions divides the second order elements into orbits. A representative from each orbit class is given by Here, J J is invariant under the group action, and we can add arbitrary multiples of J J to any of these operators without changing the orbit class.
Our strategy to classify the three-dimensional subspaces of operators corresponding to maximal parameter dependent potentials is as follows. We choose`1 from one of the orbit classes (29)-(33), where L 1 =`1 + W 1 . We rst take take`2, (L 2 =`2 + W 2 ) as a general operator 1 ; ; 6 ]. However, we can then simplify`2 by adding arbitrary multiples of`1 and J J to it, by multiplying`2 by any nonzero complex number, and by applying a complex rotation to`2 that leaves`1 invariant. Note that J J is invariant under all complex rotations. Finally we apply the 9 integrability conditions to L 1 and the simpli ed L 2 , to determine those choices of L 2 that admit the nondegenerate potentials. One can verify from the integrability conditions that orbit (33) does not occur for any nondegenerate potential. This completes the classi cation of these potentials. where L h =`h + W (h) . Let R = f`1;`2g. Then for each of the cases 1-3 listed above it is straightforward to check that R 2 = P 3 (`0;`1;`2) where P 3 is a homogeneous third order polynomial in its arguments. is a polynomial function of these parameters.
From (16) , (where we replace J h J k by 1 2 fJ h ; J k g) and (17, 18) . Thus, if L 3 is not a linear combination of the basis functions, then the potential V must satisfy an equation (10) that is linearly independent of the equations associated with L 1 ; L 2 . This means an additional constraint on the solution space and that V can depend on at most two parameters, which is a contradiction.
Furthermore the proof of the existence of quadratic algebra relations at the end of x2 goes through almost unchanged for the operator case: 
We note that the quadratic relations in the quantum case provide useful information relating the special functions that occur as (separable) eigenfunctions for each superintegrable case 19, 20] . For other applications of superintegrability on the real sphere or the real hyperboloid see 17, 18, 19, 20] . 4 
Conclusions
In this paper we have used the concept of a \nondegenerate potential" to add structure to the study of superintegrable classical and quantum mechanical systems on the complex 2-sphere. We have shown how to classify all such systems in a straightforward manner, so that gaps can be avoided. Furthermore, we have shown the following:
1. Each system is associated with a pair of constants of the motion in the classical case, and a pair of symmetry operators in the quantum case, that generate a quadratic algebra. 2. There is a one-to-one correspondence between superintegrable systems and free-eld symmetry operators that generate quadratic algebras. 3. Superintegrability implies multiseparability, i.e., separability in more than one coordinate system.
Appendix
As is well known 14, 21] there are essentially ve coordinate systems on the complex 2-sphere in which the free particle Hamilton-Jacobi equation
separates: spherical, elliptic, horospherical, and degenerate elliptic of the rst and second kinds. We describe these coordinate systems and their corresponding free particle constants of the motion L. ( We adopt the basis
